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MORAL Not only can types represent spaces

but homotopytypetheory is the

right setting in which to do homotopy theory

This is because everything we can say or do

respects equality identity homotopy termsof Ida la b



Types
o
groupoids

A Type a b A Id form

Ida la b Type

A Type a A

ra Id Ca a
Id intro

We get a tower

IdA la b Id Idala b pig Ididlanais pig d B

with canonical terms
ra Ida a a Vp Id Idala b Pip V2 didlanais pig d d o o o



Pitstop in B PitstopinI

B Type
B form

pity
N form

n N

O B I B
B int

o IN sn IN IN intro

Get one type B Get one type IN
with canonical terms O I with canonical terms 0 so so

x B Dix Type x IN TDA Type
t z D O t z D o

r u D 17 X IN y D x rly D SX

x B rinds u x D x x IN tinder x Dix
t z indz 0 D o t z indz o D o

r u Eindz u l D i x INrofindz.rs x indz olsxl Dlst
B elim B comp N elim IN comp
Behavior determined canonicalterms Behavior determined canonicalterms



Types
o
groupoids

x y A Z Ida x g t D z type
x A t p x D IN

XY A Z Ida x g t indp z D z 14 elim

x A r PRI indp pix D n ld comp

Pep Every identityhas an inverse

If Every reflexivity identityhas an inverse itself

Prof There is a composition ofany p lda x g and q Italy d

Pf There is a composition ofany p lda x g and ry namely p

ha Every type has the structure of an
D groupoid



Anyproperty
or

Fibrations transport construction on
termsofA

Pep transport Given any x Ar
D lx type and p ldaGif

there is a function Py D A D ly
In fact Py is an equivalence and there is an identity

1dgDan d P d forany d D x

Pf If p is rx let p be the identity

Cf D D

Y
D

2 i I II
o

A Dy Path A A

Looks like a threwicz fibution in

Top



Fibnations transport let 6 be a finitely complete category

Than N Identity types can be interpreted in any weak factorization
system in le that

1 is generatedby a path object and
2 is symmetric

i There is a path object
X I Path X E Xxx

functorial in X ele and taking the mappingpath factorization
produces the wfs

Path x plays the roleof gxldfx.gl and r playsthe roleofreflexivity

2 There is an involution satisfying someproperties

x
t Path 4 É xxxd 2

Pathas I



Fibrations transport Examples

In any category take Path lx to be X
or Xxx

Dependenttypes correspond to all morphisms or isomorphisms

In heat take Path x to be X
Dependenttypes correspond to isofibrations

In top take Path X to be TX roughly XI

Dependent types correspond to Hurewicz fibutions

In Kan complexes take Path x to be XD
Dependenttypes correspond to Kan fibrations

which can be generalized to any
Cisinski model category

Dependenttypescorrespond to fibrations



Fibrations transport Examples

In any category take Path lx to be X
or Xxx

Dependenttypes correspond to all morphisms or isomorphisms

In fat take Path x to be X T types
need

Type
need

classifyin

Dependenttypes correspond to isofibrations anti on

In top take Path X to be TX roughly XI

Dependent types correspond to Hurewicz fibutions

In Kan complexes take Path x to be x
be

Dependenttypes correspond to Kan fibrations your

which can be generalized to any
Cisinski model category
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Univalent

The univalense axiom characterizes identities in Type
letype A B AIB

We can use it to characterize identities in other types
Prof Ida B fig II ldatfx.gl
Prof Idset S T SET

É Prof Idowu G H G E H Loquand Danielsson

S
Py Id cat Y D 61 D Ahrens Kapulkin Shulman

É Tha Ahrens N ShulmanTsementsis This pattern generalizes to encompass
any algebraic structure



HOTI
Transport univalence Everything we can say or

do respects
thesenotionsof sameness

Advantages of Hott

1 Proofs can be verified by a computer

2 It is thetheory of homotopy theory in the senseof
modeltheory and so results are notjustvalid in seat but in all
models

3 We canstudy algebraic structures with homotopical tools Inparticular

everything is invariant under the appropriatenotion ofequivalence
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Directed transport

Everything we can say or do should respect diverted identities

in a diverted way
o Des Given any x Ar

D lx Type and pihomalx.gl
there is a honinventible Py D A D ly

C1 o D D D
in bat

I 1 fI
o

A D t A

These are the retract closure of
the Grothendieckoptibutions



Example from rewriting

Consider n Nr Vert u type

where IN is a directed homotopytype with terms like 3 1 4

and diverted paths like plus one 3
how 13 1 4

we need to be able to transport Vert 3 1 Vent 4

along plus ones

1
It I

2 2

I
3 t

y



Example

Reachability

x Fr Rk hom Cia i B x Type

R can be transported alongpaths

Safety

X F r Sly from X Cfa fr Type

S should be transported backwards

alongpaths
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Example
Then

X F r hom xx Type

can only be transported along
invertible diverted paths

And undirected homotopy should

be expressible as in

F y't F f home lx g g homely
t Id

homfx.gs fig



Example
Then

X F r hom x x Type

can only be transported along
invertible diverted paths

And undirected homotopy should

be expressible as in

F y't F f home lx.gl g homely
t Id

homfx.gs fig



Morenotionsoffransport
0

ifDirected spaces

invertible divertedpaths E directed paths undirected paths

Categories

isomorphisms
e morphisms E localization



Even more notions of transport

Consider x A
y
A thoma x g

We shotdbe able to transport him lx g alongpaths in the

X or
y variable

without disturbing the other

In Yat we have a two sided fibration

Ey howa lx g

I of two
A A

For longer contexts we have more complicated diagrams
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Result

Syntax Connection Semantics

typetheory comprehension generalized weak

category factorization systems

N Ahrens N vdBery McCloskey N
vdweide



Syntax first approximation
towards a directedhomotopy

typetheory North 2019

Only models

I
Uses operators op and core on types with e Ture T cop the top

A Type a Aoi b A from A Type a Aare
Chow
into

homala b Type form la humala a

o There are left andright versionsof the eliminationandcomputation rules
that allow for

forward transport along homomorphisms in A
backward transport along homomorphisms in AOP
both along homomorphisms in Aton

Model in heat



Syntax first approximation
towards a directedhomotopy

typetheory North 2019

Only models Problems
1
1

Uses operators op and core on types with e Ture T cop the top

A Type a A b A from A Type a Aare Chow
form intohoma la b Type la huma a a

o There are left andright versionsof the eliminationandcomputation rules
that allow for

forward transport along homomorphisms in A
backward transport along homomorphisms in AOP
both along homomorphisms in Aton

Model in heat



Syntax second approximation to appears

Use from rules from above

Change the notion of dependency so that

X At D x Type x A RDA Type x'A D x type x A DA type

produce the four kindsof transport

This walls Id off from how to prevent them from collapsinginto eachother

Models in any category be with the following kind of weak factorization
system



McCluskySemantics generalized weak factorization systems
two M
toappear

Recall Modelsof the identity type are generatedby
a symmetric functional pathobjet

X I ldlx.gl Xxx

III TIEof transport

In intendedmodelsof the hom type we alsohave a functionalpathobjet

X T
Ey
homieg Is Y

o We generalize the notionof weak factorization systemto encompassvariousshapes
o Two sided fibutions in Gat are capturedbythetheory
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